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Abstract: First a direct proof of the Christoffel-Darboux identity for orthogonal polynomials is given. This proof does 
not make use of the three-terms recurrence relationship. Then it is proved that if a family of polynomials satisfies the 
Christoffel-Darboux identity, then it also satisfies a three-terms recurrence relationship and thus it forms a family of 
orthogonal polynomials which shows the equivalence between both relations. 
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Classical and formal orthogonal polynomials (i.e., polynomials orthogonal with respect to a 
definite linear functional) are known to satisfy a three-terms, recurrence relationship. These 
polynomials are also known to satisfy the Christoffel-Darboux identity whose proof follows 
from the recurrence relationship [2]. 
Recently, generalizations of orthogonal polynomials have been studied such as bi-orthogonal 
polynomials [7], vector orthogonal polynomials [ll], l/d-orthogonal polynomials [8] or those 
introduced by de Bruin [3]. These polynomials do not satisfy a three-terms recurrence relation- 
ship. An interesting open question is to know whether or not they can, however, satisfy a 
Christoffel-Darboux identity without satisfying a three-terms recurrence relationship. Thus the 
first step toward this direction was to find a direct proof of the Christoffel-Darboux identity 
that is a proof which does not make use of the three-terms recurrence relationship. Such a proof 
is given in Section 1. Then we prove, in Section 2, that if a family of polynomials satisfies the 
Christoffel-Darboux identity, then it also satisfies a three-terms recurrence relationship, which 
means, by an extension of Favard’s theorem due to Shohat [lo], that it is a family of formal 
orthogonal polynomials with respect to a linear functional whose moments can be computed. 
This result proves the equivalence between the three-terms recurrence relationship and the 
Christoffel-Darboux identity and gives a negative answer to the possibility of extending this 
identity to more general families of polynomials. 
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Let c be a linear functional on the space of complex polynomials defined by its moments 
C(X1)=CiEC, i=o, l)... . 
{ Pk} is said to form a family of formal orthogonal polynomials with respect to c if, Vk 
- Pk has the exact degree k, 
- c(x’P,(x)) = 0 for i = 0,. . . , k - 1. 
Such polynomials exist if Vk, the Hankel determinants 
cg *** ck-l 
G,= : 
ck-1 ‘*’ C2k-2 
are different from zero. In that case the functional c is said to be definite. The nondefinite case 
has been extensively studied in [4]. 
Formal orthogonal polynomials satisfy the same algebraic properties as the classical orthogo- 
nal polynomials (that is, polynomials orthogonal with respect to a positive measure on the real 
line) except the properties concerning their zeros. In particular they satisfy a three-terms 
recurrence relationship and the Christoffel-Darboux identity [2]. 
1. A direct proof of the Christoffel-Darboux identity 
For the usual orthogonal polynomials, the Christoffel-Darboux identity is always proved by 
using the three-terms recurrence relationship. We shall now give a direct proof of this identity. 
We have 
cg *** ck 
Cl ... ck+l 
P,(x)=t, ; : /Gk, 
ck-1 *OS C2k-l 
1 . . . Xk 
where G, is defined as above and where tk is a nonzero constant. Thus 
We Set h, = c(P,‘(x)) = t;Gk+l/Gk. Let US define &(x, t) by 
&(x, t)Gk+l= - 
cg Cl *. . ck 11 10 1 ... Xk 1 
Cl c2 ‘*- ck+l t I I 
1 c(, ‘. ’ ck 
. =- t Cl *‘- ck+l . 
. . 
ck ck+l ... C2k tk . . 
1 x ... Xk 0 t 
; . 
Ck *** ‘2k 
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Applying Sylvester’s identity [l] we obtain 
That is, 
or 
10 1 *-- Xk 
1 co -. . Ck 
. . 
. . 
. . 
tk ck **- C2k 
G, = 
0 1 ... Xk-l 
1 co *** ck-l 
. G k+l 
tk-l 
ck-1 *** C2k-2 
1 . . . 
‘k-1 
co *** ck . . 
. . 
. . . 
c&l ‘.* C2k-l 
tk ck “. C2k-l 
-G/&+,&(x, t> = -G/&+,&,(x, f> - (-ljkGk !++-l)*G,i$) 
&(x, t, =&-dx, t> + r2GG; Pk(x>Pk(t> = Kk-l(x, l) + h,lpk(x)Pk(t), 
k k k+l 
and thus we obtain the known formula 
k 
&,(x, t) = c h,‘p,(x)&(t). 
i=O 
Let us now apply Schweins’ formula 
1 . . . Xk+l 
1 . . . *k+l 
co ... ck+l . 
ck-1 *.’ C2k 
We have 
1 X kil . . . 
1 . . . tk+l 
co *** ck+l 
ck-1 *** C2k 
PI to 
G kfl = 
1 . . . 
co *** 
Ck ... 
1 
CO 
- 
ck-l 
1 . . . tk 
co 0.. ck 
ck-1 ‘*. C2k-l 
. . , 
. . . 
Xk 
ck 
. . . 
C2k-l 
1 . . . tk+l 
c(J *** ck+l 
ck ‘.* C2k+l 
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Thus we finally have 
=- 
T;:+;’ [Pk+,(x)Pk(t) - Pktx)Pk+dt>]. 
= 
- & [ Pk+lb)Pk(t) - Pk(x>Pk+l(t>l 
tk = 
- TGk+l[ Pk+l(x>Pk(t> - Pk(x>Pk+l(t>l. 
tk+l k 
We shall now prove that 
1 . . . xk+l 
1 . . . tk+’ 
CO *** ck+l 
ck-1 *** C2k 
(*I 
Let us first prove the reproducing property of Kk( x, t). Let c be the functional on 9 (the vector 
space of polynomials), defined by 
C(Xi) =ci, i=o, l)... . 
Then Vp E 9, (the vector space of polynomials of degree at most k), we can write 
p(x) = i b&x). 
j=O 
Thus 
c(p(x)Kk(x, t)) = 5 bj i hYIC(~(x)~;(x))P,(t) 
j=O i=O 
= $b,h;‘ci p,‘(x))?(t) since c( PiPj) = 0, i +j, 
= ; bjPj(t) =p(t). 
j=O 
C. Brezinski / The Christoffel-Darboux identity 21 
Thus 
I 
c x’(x-t) 
\ 
On the other hand, 
/ 
1 
1 
c xi co 
ck-l 
0 1 ... xk 
1 c,, ‘. ’ ck 
. . 
. . 
. . 
tk ck ... c2k 
. . . Xk+l 
. . . tk+l 
. . . 
ck+l 
. . . 
‘2k 
\ 
=t’(t-t)=O for i=O,...,k-1. 
=0 for i=O,...,k-1. 
Thus, from the uniqueness of the general interpolation polynomial and since Gk+i # 0, which 
means that the linear functionals &(o) = c( xi.) are linearly independent, it follows that these two 
polynomials are identical apart from a multiplying factor. The coefficient of xk+’ in the first one 
is 
1 co e.0 ck-l 
(_l)k+l ; ; ; 
tk ck “* C2k-l 
and it is 
1 . . . tk 
(_l)k+l ‘; **’ ‘; 
ck-1 ‘** C2k-l 
in the second one. Thus ( *) holds and we have 
tk 
- --+%c+l[pk+l(x)pk(t) - pk(x>pk+l(t>] = -cx - t)Gk+lKk(x, + 
tk+l k 
and we finally obtain the usual Christoffel-Darboux identity 
$&[P,,l(x)pk(t) - Pk(x>Pk+l(t)] = cx - t, ;: hi’Pi(x)Pi(t)* 
i=O 
Another proof of (*) was obtained by Prevost [9]. It is as follows. 
In the determinant of the right-hand side of ( * ), let us replace the first row by its difference 
with the second one and then divide it by x - t. We get the following equality after adding i to 
22 
all the indexes: 
1 0 
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1 x+t *** Xk + xk-5 + * * * +xPl + tk 
1 t t* . . . 
ci ‘it1 c;+* *** 
tk+l 
‘i+k+l 
Ci+k-l Ci+k ‘,+k+l “* Ci+2k 
‘itk tk Ci+k+l **. C,+2k 
‘i+k 
Let Dj’) be the determinant in the left-hand side of this relation and -I@‘) its right-hand side. 
We shall now prove by induction that Vi 
o$i) = -N;i)_ 
This is true for k = 1. Applying Sylvester’s identity to IIf’ and Nk(‘) we get 
1 t k-l . . . 
D”‘l 
k 
ci+l ... ‘i+k 
C r+k-1 ‘.. Ci+2k-2 
= D~‘?,t 
and 
_ Nk(i) 
= -NC” 
k 
1 ci+l a’* 
1 : 
p-1 c_ 
I+k *‘* 
1 ‘if1 
1 : 
tk Ci+k+l 
Ci 1 
_ xNk(f_tl) : : 
Ci+k tk 
1 
Ci+1 
‘iik 
. . . 
. . . 
. . . 
%+k-1 
C r+2k-2 
. . . C r+k 
. . . 
Ci+2k 
Ci+1 
c,+k+l 
. . . 
. . . 
. . . 
‘ifk-1 
Ci+2k-l 
tk 
C r+k 
Ci+2k-l 
txD”+ 1) 
k 1 
which proves the equality, using the induction assumption. 
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Another proof of (*) is due to Hendriksen [6]. Taking the determinant in the right-hand side 
of (*), we replace each column (from the second one) by its difference with the preceding one 
multiplied by x and then we put t - x in factor. We obtain 
1 
1 
CO 
‘k-1 ck *‘* 
1 0 . . . 0 
1 t-_x . . . tk+l - xtk 
CO Cl - xc0 ... ck+l - xck 
CR-1 ck-xc&l *‘* C2k - xc2k-1 
. . . 
Cl -xc0 ‘.. 
=(t-x) : 
ck - xck_1 * *. 
tk 
ck+l - XCk 
C2k - XC2k-1 
Then we add a new second row (1, co,. . . , ck), a new first column (0, 1, 0,. . . ,O) and we change 
the sign. Finally, we multiply each row (from the second one) by x and we add to the following 
one. Thus we get 
0 1 . . . 
1 CO . . . 
(x-t) 0 Cl -xc0 e.0 
0 ck-xck_1 *** 
and ( * ) is proved. 
tk 
ck 
ck+l - XCk 
C2k - XC2k-1 
=(x-t) 
0 1 
1 CO 
X Cl 
. . 
. . 
;k . 
ck 
. . . 
. . . 
tk 
ck 
. . . 
ck+l 
. . . 
C2k 
2. The reciprocal 
Now we can ask the question whether a family of polynomials satisfying the Christoffel- 
Darboux identity also satisfies a three-terms recurrence relationship. Thus let { Pk} be a family 
of polynomials such that Vk 2 0 
- Pk has the exact degree k, 
- &[Pk+l(x)Pk(t) - Pk+l(t)Pk(x)] =(X - t)C~+a;P;(x)Pi(t), where the Uj’s are Constants 
independent of k and yk is a nonzero constant. 
We have 
yk[ Pk+l(x)Pk(t) - Pk+l(t)Pk(x)] 
k-l 
= (x - t)akPk(x)Pk(t) + (x - t, ,Go aiPi(x)Pi(t) 
= (x - t)akPk(x)Pk(t) + (x - t)~k-l[Pk(x)Pk-&) - Pk(t)Pk-l(X)], 
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Thus, Vx, t 
fw[Yk~k+1b) - %xu4 + Yk-&-1(~)l 
= P,(x>[y&+,(t) - %tfQt> + n-Ji-10>1. 
That is 
Ykpk+lb) - ~kXPkb> + Yk-lPk-l(X) = b
p,(x) k, 
where b, is a constant independent of x. This is equivalent to 
Yk’k+l(X) = ( akx + bk)Pk(X) - Yk-lpk-l(x), (**) 
which shows that if the Christoffel-Darboux identity holds, then the polynomials { Pk} satisfy a 
three-terms recurrence relationship; that is, they form a family of formal orthogonal polynomials 
with respect to a linear functional c, the moments of which can be calculated [2, p. 1551. This 
result, which is a generalization of the well-known Favard’s theorem [5], was first proved by 
Shohat [lo]. 
Let us now find the expressions of the constants Yk, ak and b,. It is easy to see that if we 
Write Pk as Pk(X) = tkxk + lower terms, then yktk+l = aktk. We set Ak+l = a,/&. Multiplying 
(* *) by xk-’ and applying c gives 
Y,&k-lPk+i(X)) - ~$(XkPk(X)) - bkC(Xkpk(X)) + v,_,C(X”-‘p,_,(X)) = 0 
or 
+c(XkPk(X)) =Y+ic(Xk-rP,_,(x)). 
If we set h, = c(P,‘(x)), then h, = tkc(xkPk(X)) and we have 
ukhk hk-l 
- = Yk-ltk_l 
tk 
since Vk, t, # 0. Thus, setting c,,, = Yk_i/Yk, we have 
akhktk-1 
“+I = tkhk_,yk 
tk+l hktk-l tk-ltk+l hk PC 
= t, tkhk-1 tk2 hk-, . 
Multiplying (* *) by Pk and applying c, we get 
Y,c(Pk(x)P,+l(x)) - &cc(xp;(~)) - b/&%x)) + Yk-lc(pk(x)pk-I(X)) = O, 
that is 
b 
k 
= _ 444) 
hk . 
Setting B, + I = b,/y, and (Ye = c(xPi(x)), we have 
B akuk 
ak tk+l 
k+l=--=-- 
hkyk hk tk . 
Thus we have finally proved that 
p,+,(x) = @k+lx +Bk+l)Pk(X) - Ck+,Pk-l(x), 
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with 
25 
A 
tk+l 
B 
ak tk+l and c,,, = 
tk-ltk+l hk 
kfl = - 
tk ’ 
k+l= 
--- 
h, t 2 
k tk hk-l ’ 
which is the usual recurrence relationship. Moreover, 
A 
ak tk+l yk-1 Ak+lhk 
k+l = - = 
yk 
- and Ck+l=-= 
tk yk Akhk-l ’ 
and thus 
C 
ak hk yk-1 
k+l = - - - 
Yk hk-, ak-l 
It follows that 3y # 0 such that 
akhk 
= a,_,h,_, 
C 
k+l* 
Vk, akhk = y or ak = yhk’. Thus 
and the Christoffel-Darboux identity becomes 
& [ Pk+l(x)Pk(t> - Pk+l(t)Pk(X)] = cx - d i h?Pi(x)P,(t), 
i=o 
which shows the equivalence between the Christoffel-Darboux identity and the three-terms 
recurrence relationship. 
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